We develop an equilibrium model of credit network and trust network in the interbank market. We consider two kinds of decision makers including banks with liquidity surplus and banks with liquidity shortage. We model the behavior of the decision makers, derive the equilibrium conditions, and establish the variational inequality formulation for interbank credit network and trust network. We then utilize the variational inequality formulation to obtain qualitative properties of the equilibrium pattern in terms of existence and uniqueness.
Introduction
Interbank markets are among the most important in financial systems. They allow exchanges among financial institutions, facilitating the allocation of the liquidity surplus to banks with liquidity shortage. A particular feature in interbank markets is the threat of systemic risk, where the failure of one bank spreads to other banks, through interbank connections. Notwithstanding, the global financial crisis, which burst in August 2007, has shown the dark side of interbank connections. In recent years, interbank connections have received significant attention in the literature. However, the literature mainly focuses on network structure, based on which the effect of systemic risk is simulated.
The intricate structure of interbank connections can be captured by using a network representation, and this network is called credit network in this paper. Actually, there is large literature justifying the existence of the heterogeneity of interbank credit networks in real world banking systems, such as a random network topology [1] , a small-world network topology [2] , a scale-free network topology [3] , tiered network topology [4] , and so on. Some researches focus on the explanation of how they emerge, for instance, Inaoka et al. [3] construct a growing model for banking networks to explain that a power-law distribution is a self-organized critical phenomenon; Teteryatnikova [5] and Li and He [6] provide different methods to construct tiered credit networks in interbank markets. Network models have proven to be very helpful for the study of shock propagation and a system's resilience to contagion [7] , and there has been growing literature to simulate the effect of systemic risk based on interbank credit network models. There are many significant studies in this area, such as Iori et al. [8] , Nier et al. [9] , Canedo and Jaramillo [10] , Gai and Kapadia [11] , May and Arinaminpathy [12] , Berman et al. [13] , Gai et al. [14] , Haldane and May [15] , Anand et al. [16] , Heise and Kuehn [17] , Lenzu and Tedeschi [18] , Mastromatteo et al. [19] , and so forth.
The above relevant literature makes it clear that interbank credit network structures play an important role in the resilience of banking systems to systemic risk. Therefore, analyzing credit lending behavior in the interbank market is very useful in understanding the formation of interbank credit networks. It is also important for monetary authorities, since the interbank market lies at the heart of monetary policy. Actually, interbank lending behavior is a multiobjective decision making problem among banks. Trust is ubiquitous in social and economic activity, and credit markets exemplify the way in which trust lies at the very foundation of modern financial systems [20] . Generally, there are no sponsion or mortgages in the credit lending relationships. Therefore, interbank trust relationship is an important factor in the decision of interbank credit lending, except the term and interest rate of loan and so on. In this paper, the network 2 Advances in Mathematical Physics The lending rate of bank
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consisted by interbank trust relationships is called trust network. To the best of our knowledge, however, there is no research to analyze the interaction between credit network and trust network in the interbank market. Motivated by this consideration, in this paper, we construct a multiple objective decision model and analyze the equilibrium condition of interbank credit network and trust network. Our paper is organized as follows. Section 2 describes the behavior of banks and their optimality conditions and analyzes the equilibrium condition. Conclusions are drawn in Section 3.
The Equilibrium Model
In this section, we construct the equilibrium model of credit network and trust network in the interbank market.
Assuming that there are banks in the interbank market. We use the notations and to represent trust network and credit network, respectively, where edges between nodes in represent interbank trust relationships and edges between nodes in represent interbank credit lending relationships. The majority of the notations for the model are given in Table 1 . In this paper, we assume that the value of interbank trust relationship is a linear function; the interest rate of the credit lending between bank and bank depends on the lending rate of bank and the borrowing rate of bank ; the opportunity cost of a bank depends on the scale of its credit lending; the risk faced by a creditor bank is determined by the scale and interest rate of the credit lending and its trust level to the debtor bank; the borrowing cost of a bank is a function of the scale and interest rate of the credit lending and the interbank trust level. The functions , , and ( = 1, . . . , 0 , = 1, . . . , − 0 ) given in Table 1 are assumed to be continuously differentiable and convex. In Table 1, , 0 , , , , , , and are observable, and ℎ , V , , , and are nonobservable.
Bank Behavior and Optimality Conditions.
We now describe the behavior of banks in the interbank market and their optimality conditions. For bank with liquidity surplus, we assume that it faces a multicriteria decision making problem, with the objectives reflecting revenue maximization, risk minimization, and opportunity cost minimization, and they can be expressed, respectively, as
The optimization problem of bank with liquidity surplus can, thus, be expressed as
subject to:
We assume that ℎ and are at the equilibrium values denoted by * . From (2), it can be seen that the objective function is continuously differentiable and concave, and the feasible set is closed and convex. Therefore, the optimality conditions for all banks with liquidity surplus simultaneously can be expressed as the following inequality based on the Variational Inequalities Theory [21] :
In this paper, we assume that the liquidity in the interbank market is sufficient and can meet the demands of all banks with liquidity shortage. In a similar way to the above analysis, we can know that the optimization problem of bank with liquidity shortage, with the objectives reflecting borrowing cost minimization and trust value maximization, can be expressed as And the optimality conditions for all banks with liquidity shortage simultaneously can be expressed as the following inequality:
The Equilibrium Condition.
In equilibrium, the optimality conditions for all banks with liquidity surplus and the optimality conditions for all banks with liquidity shortage must be simultaneously satisfied. We now formally state the equilibrium condition of interbank credit network and trust network as following.
Definition 1.
The equilibrium state of interbank credit network and trust network is one where interbank credit scales and trust levels satisfy the sum of conditions in (3) and (5).
Theorem 2. The equilibrium condition governing interbank credit network and trust network is equivalent to the solution to the variational inequality problem given by ℎ
After algebraic simplification, the summation of (3) and (5) yields the variational inequality (6) . According to the above definition, Theorem 2 can be easily proved. Now we discuss some properties of solutions of the given variational inequality (6), especially the existence and uniqueness. The existence of the solutions is very important, because if there is no existence of the solutions, the model constructed in this paper is without any connotation and practical significance. For easy reference in the following, variational inequality problem (6) can be rewritten in standard variational inequality form [21] as follows:
where = (ℎ, ), ( ) = ( 1 ( ), 2 ( )), the term ⟨⋅, ⋅⟩ denotes the inner product, and 1 ( ) and 2 ( ) are expressed as follows: (6) .
= }, where is a constant and denotes the total scale of liquidity surplus in the interbank market. It can be seen that the feasible set is a compact (closed and bounded) convex set, and ( ) is continuous on . Therefore, we can know that the variational inequality problem (6) admits at least one solution (ℎ * , * ) based on the Theorem of Nagurney [22] . In a similar way to Theorems 6 and 7 of Nagurney and Ke [23] , we know that the vector function that enters the variational inequality (7) is strictly monotonous (i.e., ⟨( ( ) − ( )) , − ⟩ > 0, ∀ , ∈ , ̸ = ), and then there must be a unique pattern (ℎ * , * ) satisfying the variational inequality problem (6).
Conclusions
Interbank credit lending behavior actually is a multiobjective decision making problem among banks based on interbank trust relationships. In this paper, we developed a framework for the formulation and qualitative analysis of solutions to the equilibrium problem of credit network and trust network in the interbank market.
We described the behavior of the decision makers concluding banks with liquidity surplus and banks with liquidity shortage, where banks with surplus faced a multicriteria decision making problem consisting of revenue maximization, opportunity cost minimization, and risk minimization, and banks with liquidity shortage faced bicriteria decision making problem consisting of borrowing cost minimization and trust value maximization. We derived the optimality conditions for banks with liquidity surplus as well as banks with liquidity shortage, under suitable assumptions of the underlying functions, along with the equilibrium conditions. Moreover, we derived the variational inequality formulation of the governing equilibrium condition of interbank credit network and trust network. The variational inequality was then utilized to obtain the existence of the equilibrium credit scale and trust level pattern as well as uniqueness.
Hence, under the interaction of interbank credit network and trust network, using the variational inequality formulation, we can obtain the equilibrium credit scale and trust level pattern to make the optimality conditions for all banks be simultaneously satisfied. At the moment, the interbank market is under the equilibrium state, and the whole interest of the interbank market is the largest, which is useful to enhance the resilience of the interbank market to systemic risk. If the equilibrium condition is not fulfilled, banks with liquidity surplus will not obtain the maximum profit, and banks with liquidity shortage will obtain liquidity at relatively larger cost or their liquidity needs are not met, which may trigger default risk and contagion risk. In order to maintain the equilibrium of the bank network system, the central bank should keep the liquidity in the interbank market sufficient, and banks should enhance their credit level and strengthen their cooperation with other banks.
